This correspondence considers the problem of direction of arrival estimation using sensor arrays composed of two identical, uncalibrated, and rotated subarrays. It is shown that such arrays do not provide an identiable parameterization of the problem; i.e., unlike ESPRIT, unique estimates are not possible when more than one signal is present.
Introduction
U nder the assumption of narrowband signals, the output of an M-element array x(t) 2 C I M due to d signal sources is described by x(t) = A( )s(t) + n(t) ; (1) where s(t) 2 C I d represents the signal amplitude and phase at time t, n(t) 2 C I M is additive noise (assumed for simplicity to be spatially white: Efn(t)n (t)g = A( ) = a( 1 ) a( d )] : (2) It is assumed here for simplicity that the array response for each signal in (2) is a function of only a single angle parameter i (e.g., azimuth only). There are a number of important applications for which the model of (1) 
where is a unitary diagonal matrix with diagonal elements i given by i = expf?j2 sin i = g; i = 1; ; d; (4) and where is the wavelength of the narrowband signal, is the distance between the subarrays, and A e ( ) represents the response of subarray 0 (assumed to be full rank m > d for all ).
The ESPRIT algorithm exploits the structure of (3) (6) where the matrix = T ?1 T has been de ned. Thus, if m d and < =2, the DOAs may be uniquely determined from the eigenvalues of the operator that maps E 0 onto E 1 . Note that this result is independent of the value of A e ( ) (as long as it is full rank), so the array need not be calibrated in order to estimate the DOAs.
Rotationally Invariant Arrays
Several authors have proposed extensions of ESPRIT to more general translationally invariant arrays. In 3], arrays composed of more than two identical, translated subarrays in parallel are considered. Azimuth and elevation DOA estimation using arrays with identical, translated subarrays in more than one direction have also been studied in 4, 5, 6, 7, 8, 9] . In this correspondence, the possibility of developing an ESPRIT-like algorithm for 180 rotationally invariant arrays is considered.
To illustrate the type of array geometry to be studied, consider the sensor congurations of Figures 1 and 2 . The arrow superimposed on each sensor indicates its absolute orientation in some xed reference frame, and the two subarrays consist of the upper six and lower six elements, respectively. If Array 1 is rotated 180 , and each of the sensors is forced to maintain its absolute orientation relative to the xed reference frame, then another array identical to Array 1 is obtained. The same is also true for Array 2, except that in this case the orientation of the individual sensors changes as the array is rotated. Strictly speaking, the analysis of this paper will only apply to a rotational invariance of the type exhibited by Array 1. However, in many cases the individual antenna elements have response patterns that are themselves 180 rotationally invariant (i.e., they are symmetric about some axis of rotation), in which case Arrays 1 and 2 are equivalent. Thus, the ideas presented below will often apply to arrays which possess the kind of rotational invariance exhibited by Array 2 as well.
Both circular and linear arrays belong to this class. As in the case of linear arrays and translationally invariant subarrays, a circular array possesses a number of possible subarray structures which satisfy the required rotational invariance, some of which lead to overlapping subarrays. An example of a maximally overlapping subarray structure for a circular array is depicted in Figure 3 .
As in the case of ESPRIT, rotationally invariant arrays like those depicted in Figures 1 and 3 lead to a very special shift structure for the array response. Instead of equation (3) 
where A e ( ) denotes the complex conjugate of the subarray manifold A e ( ), and is de ned exactly as in (4) except that is the distance between a given arbitrary sensor (the reference) and its identical twin in the companion subarray, and is measured with respect to the normal of the line joining these two sensors. The conjugation of A e accounts for the fact that the propagation of a wavefront across one of the subarrays can be considered to be equivalent to the same wavefront propagating backwards across the rotated companion subarray. The diagonal matrix takes care of the bulk phase shift due to the delay in propagation between the arrays.
This particular de nition forces the row of A e ( ) corresponding to the reference sensor to be purely real, but this is not a problem since any non-zero phase response for the reference sensor in direction i can be lumped together with the phase of the i th signal waveform. For simplicity, in this paper it will be assumed (without loss of generality) that the reference sensor corresponds to the rst row of A e ( ), and that this row is composed of all 1's. For an array satisfying (7), the eigenvectors corresponding to the d largest eigenvalues of the covariance R will satisfy (compare with equation (5) 
Identi ability
If there is only one source present, d = 1 and E s is M 1. The lone element of (described by (4)) in this case can be obtained by rst normalizing JE s so that its rst element is one, and then solving, for example,
If < =2, the DOA can be uniquely determined using (4) .
To demonstrate that the model of (8) 
In other words, there are an in nite number of matrices of the form (7) that satisfy the subspace relationship of (8) 
Conclusion
Although the shift structure of the steering vectors for an array composed of identical rotated subarrays bears a striking resemblance to that for ESPRIT, unique DOA estimates are not possible when more than one signal is present. This loss of identi ability could only be overcome by somehow incorporating information about the individual subarray responses. However, doing so would probably mean that a computationally e cient solution such as that for ESPRIT would not be possible. 
